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We study the properties of compact stars in the Randall-Sundrum II type braneworld model. To
this end, we solve the braneworld generalization of the stellar structure equations for a static fluid
distribution with spherical symmetry considering that the spacetime outside the star is described
by a Schwarzschild metric. First, the stellar structure equations are integrated employing the so
called causal limit equation of state (EOS), which is constructed using a well established EOS at
densities below a fiducial density, and the causal EOS P = ρ above it. It is a standard procedure
in general relativistic stellar structure calculations to use such EOS for obtaining a limit in the
mass radius diagram, known as causal limit, above which no stellar configurations are possible if the
EOS fulfills that the sound velocity is smaller than the speed of light. We find that the equilibrium
solutions in the braneworld model can violate the general relativistic causal limit and, for sufficiently
large mass they approach asymptotically to the Schwarzschild limit M = 2R. Then, we investigate
the properties of hadronic and strange quark stars using two typical EOSs: a nonlinear relativistic
mean-field model for hadronic matter and the MIT bag model for quark matter. For masses below
∼ 1.5 − 2M, the mass versus radius curves show the typical behavior found within the frame of
General Relativity. However, we also find a new branch of stellar configurations that can violate the
general relativistic causal limit and that in principle may have an arbitrarily large mass. The stars
belonging to this new branch are supported against collapse by the nonlocal effects of the bulk on
the brane. We also show that these stars are always stable under small radial perturbations. These
results support the idea that traces of extra-dimensions might be found in astrophysics, specifically
through the analysis of masses and radii of compact objects.
PACS numbers: 04.50.-h, 11.25.Wx, 97.60.Jd, 26.60.-c
I. INTRODUCTION
Braneworld models represent the universe as a three-
dimensional brane where elementary particles live em-
bedded in a higher-dimensional spacetime called the
bulk, only accessed by gravity [1]. Within this frame-
work, astrophysical and cosmological models can be
constructed where the gravitational effect of extra-
dimensions can be assessed. Two well known examples
of braneworld models are Randall-Sundrum (RS) [2] and
Dvali-Gabadadze-Porrati (DGP) [3] models. In RS mod-
els, ultraviolet modifications to General Relativity are
introduced. Significant deviations from Einstein’s the-
ory occur at very high energies, e.g. in the early uni-
verse, in gravitational collapse and in compact objects.
DGP models present infrared modifications with respect
to General Relativity.
In the present work we focus on the RS type II
braneworld model [2], which has attracted much atten-
tion because it includes nontrivial gravitational dynamics
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despite a simple construction. In the RS model, our uni-
verse is a brane embedded in one extra dimension (the
bulk) which is a portion of a 5D anti-de Sitter spacetime
(AdS5); i.e. the extra dimension is curved or warped
rather than flat. Significant deviations from Einstein’s
theory occur at very high energies. At low energies, grav-
ity has an exponentially suppressed tail into the extra
dimension due to a negative bulk cosmological constant,
Λ5 = −6/`2 where ` is the curvature radius of AdS5.
The brane gravitates with self-gravity in the form of a
brane tension λ, where λ = 3M2p/(4pi`
2) and M2p = M
3
5 `.
On the brane, the negative Λ5 is counterbalanced by the
positive brane tension λ.
The Einstein’s field equation takes the conventional
form but with an effective energy-momentum tensor T effµν ,
i.e., it reads:
Gµν = 8piGT
eff
µν , (1)
where Gµν is the usual Einstein field tensor, and we con-
sider c = 1.
The effective energy-momentum tensor has the form
[4]
T effµν = Tµν +
6
λ
Sµν − 1
8piG
Eµν , (2)
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2where the first term contains the standard energy mo-
mentum tensor; e.g. for a perfect fluid we have Tµν =
ρuµuν + phµν , where p is the pressure of the fluid, ρ
is its energy density, uµ is the four-velocity and hµν =
gµν + uµuν is the projection orthogonal to u
µ. The sec-
ond and third terms include modifications with respect
to the standard 4D Einstein’s field equation. The bulk
correction includes a local term and a nonlocal one (sec-
ond and third terms respectively) [1]. For a perfect fluid,
the local contribution reads
Sµν =
1
12
ρ2uµuν +
1
12
ρ(ρ+ 2p)hµν . (3)
The nonlocal contribution for static spherical symmetry
reads:
Eµν = − 6
8piGλ
[
Uuµuν + Prµrν + (U − P)
3
hµν
]
, (4)
where U and P are respectively the nonlocal energy den-
sity and nonlocal pressure on the brane and rµ is a unit
radial vector. Notice that, as λ → ∞, the bulk correc-
tions vanish and General Relativity is recovered.
Some consequences for compact star physics have been
explored within the above described braneworld model.
In their pioneering work, Germani and Maartens [5]
showed that the Schwarzschild solution is no longer the
unique asymptotically flat vacuum exterior. In general,
the exterior carries an imprint of nonlocal bulk graviton
stresses and knowledge of the 5D Weyl tensor is needed
as a minimum condition for uniqueness. They also found
an exact uniform-density stellar solution on the brane,
and showed that the existence of neutron stars leads to a
constraint on the brane tension that is stronger than the
big bang nucleosynthesis constraint, but weaker than the
Newton-law experimental constraint. After this work,
some other studies of spherical static stars considering
a Schwarzschild exterior metric in the braneworld model
were done in order to determine how local and nonlocal
corrections affect the stellar structure. In Refs. [6–8]
the role of the local and nonlocal corrections is exam-
ined in nonuniform and uniform stars. In these works,
to overcome all problems associated with the system of
equations, the time metric component is prescribed. This
approach helps to find an exact solution of the Einstein’s
equations on the brane and an analytic form of the Weyl
curvature terms. More recently, some properties of com-
pact stars in the braneworld model were analyzed us-
ing neutron star equations of state and assuming that
the Weyl terms obey the simplest relation P = wU [9].
However we must notice that in this work the boundary
condition for the nonlocal energy density U was set at
the stellar center and not at the surface of the star as it
should be.
In this work we investigate several aspects of compact
stars within braneworld models. In Sec. II we review
the stellar structure equations on the brane, the bound-
ary conditions and explain the shooting method used for
the numerical integration of the equations. In Sec. III
we describe the causal limit equation of state (EOS) em-
ployed in the literature to obtain the causal limit above
which compact stars are not expected in General Relativ-
ity. Thereafter, we employ the causal limit EOS to obtain
such limit in braneworld models, finding that the general
relativistic limit can be violated. In Sec. IV we study the
properties of hadronic and quark stars using typical EOSs
for hadronic and quark matter and find striking features
that differentiate their structure with respect to the gen-
eral relativistic case. Since only stellar configurations in
stable equilibrium are acceptable from the astrophysical
point of view, we analyze in Sec. V the stability of the
compact stars under small radial perturbations using a
static method that allows to determine the precise num-
ber of unstable normal radial modes. Finally, in Sec. VI
we summarize and discuss our results.
II. STELLAR STRUCTURE ON THE BRANE
A. Stellar structure equations and boundary
conditions
Germani and Maartens [5] solved the Einstein’s equa-
tions on the brane and derived the braneworld general-
ization of the stellar structure equations for a static fluid
distribution with spherical symmetry
dm
dr
= 4pir2ρeff , (5)
dp
dr
= −(ρ+ p)dφ
dr
, (6)
dφ
dr
=
Gm+ 4piGr3
(
peff +
4P
(8piG)2λ
)
r(r − 2Gm) , (7)
dU
dr
= −(4U + 2P)dφ
dr
− 2(4piG)2(ρ+ p)dρ
dr
−2dP
dr
− 6
r
P , (8)
where
ρeff = ρ
(
1 +
ρ
2λ
)
+
6U
(8piG)2λ
, (9)
peff = p+
ρ
2λ
(ρ+ 2p) +
2U
(8piG)2λ
. (10)
To solve Eqs. (5)−(8) we need an equation of state ρ =
ρ(p) and a relation of the form P = P(U) relating the
nonlocal components (“dark” equation of state).
Two of the boundary conditions of the stellar structure
equations on the brane are the same as for the standard
General Relativistic equations. Specifically, at the center
of the star (r = 0) the enclosed mass is zero:
m(r = 0) = 0, (11)
and at the surface of the object the pressure vanishes:
p(R) = 0. (12)
3The remaining boundary condition is determined by the
Israel-Darmois matching condition [Gµνr
ν ]Σ = 0 at the
surface of the object Σ, where [f ]Σ ≡ f(R+)− f(R−) (in
the following we use the superscripts − and + to indicate
quantities inside and outside the star respectively). By
the brane field equation (1), this implies [T effµν r
ν ]Σ = 0,
leading to
[
peff + 4P/((8piG)2λ)]
Σ
= 0. Since at the sur-
face of the object we have p(R) = 0, we have:
(4piG)2ρ2(R) + U−(R) + 2P−(R) = U+(R) + 2P+(R),
(13)
which holds for any static spherical star with vanishing
pressure at the surface.
In BW models, the Schwarzschild solution is no longer
the unique asymptotically flat vacuum exterior. In gen-
eral, the exterior carries an imprint of nonlocal bulk
graviton stresses. Knowledge of the 5D Weyl tensor is
needed as a minimum condition for uniqueness. If there
are no Weyl stresses in the interior (U− = P− = 0),
and if the energy density is non-vanishing at the sur-
face, ρ(R) 6= 0, then there must be Weyl stresses in
the exterior, i.e. the exterior solution cannot be the
Schwarzschild one [5]. Equivalently, if we assume a
Schwarzschild exterior solution (U+ = P+ = 0) and the
energy density is nonzero at the surface, then the interior
solution must have nonvanishing nonlocal Weyl stresses.
On the other hand, despite previous no-go results,
brane-world compact objects with a Schwarzschild ex-
terior are obtained in Ref. [10]. This result is arises at
the price of having negative pressure inside a narrow shell
at the star surface, which effectively acts as a solid crust
separating the inner fluid from the vacuum exterior [10].
Such crust has a negligible thickness, falling below any
physically sensible length scale for astrophysical sources,
and the discontinuities in U and P at r = R are negligi-
bly small. Therefore, the crust can be neglected in the
calculation of the mass-radius diagram and other global
stellar properties.
However, we emphasize that in the present work, the
physicality of the Schwarzschild exterior is not necessarily
guaranteed. Nonetheless, in order to simplify the analysis
and to facilitate the comparison with GR, we focus here
on a class of models that satisfy the following properties:
1. we consider a Schwarzschild exterior solution
(U+ = P+ = 0);
2. we assume P− = 0, which is consistent with the
isotropy of the physical pressure in the star.
As a consequence, the interior must have nonvanishing
nonlocal Weyl stresses (U− 6= 0). Therefore, the bound-
ary condition for U at r = R simplifies to:
(4piG)2ρ2(R) + U−(R) = 0. (14)
In summary, the full set of equations to be solved is:
dm
dr
= 4piρeffr2, (15)
dp
dr
= −(p+ ρ)
[
4piGpeffr + mGr2
][
1− 2mGr
] , (16)
dU−
dr
=
4U−
p+ ρ
dp
dr
− 2(4piG)2(ρ+ p)dρ
dr
, (17)
with the boundary conditions m(r = 0) = 0, p(R) = 0
and (4piG)2ρ2(R)+U−(R) = 0. An equation of state ρ =
ρ(p) must be supplied to close the system. In the limit
λ→∞, we have ρeff → ρ and peff → p, and the General
Relativistic stellar structure equations are recovered.
B. Numerical integration of the structure
equations
For a given EOS of the form ρ = ρ(p) and a given
value of the brane tension λ, Eqs. (15)−(17) can be
integrated simultaneously with a Runge-Kutta method
from the center towards the surface of the object. How-
ever, since the boundary condition for U−(r) is given at
the star’s surface, a shooting method is used in order to
match Eq. (14).
The integration of Eqs. (15), (16) and (17) begins with
the values
m(0) = 0, p(0) = pc, U−(0) = U−c,trial, (18)
where pc is a given value for the central pressure, and
U−c,trial is a trial value of U− at r = 0. The integration
proceeds outwards until the pressure vanishes in order
to verify Eq. (12). However, after such integration Eq.
(14) is not necessarily fulfilled. Therefore, the trial value
of U−c is corrected through a Newton-Raphson iteration
scheme in order to improve the matching of Eq. (14) in
the next integration. The integration from r = 0 is re-
peated successively until Eq. (14) is satisfied with the
desired precision. Once such precision is attained, the
point at which the pressure of the fluid vanishes deter-
mines the star’s radius R and the star’s mass M = m(R).
It is worth mentioning that for some simple EOSs, Eq.
(17) can be integrated analytically. In Appendix A we
derive the explicit solution for a linear EOS of the form
ρ = p/c2s+b, where c
2
s and b are arbitrary constants. This
EOS is very useful because it includes as special cases the
causal EOS ρ = p, the ultra-relativistic EOS ρ = 3p, and
the MIT bag model EOS for massless quarks ρ = 3p+4B,
that we will use below.
4ρt[MeV/fm
3] pt[MeV/fm
3] a[MeV/fm3]
192.6 2.103 190.5
217.9 2.675 215.2
260.1 3.809 256.3
285.8 4.613 281.2
TABLE I. Values of the fiducial energy density ρt, fiducial
pressure pt, and a ≡ ρt − pt. The values of ρt and pt were
extracted from Table V of Ref. [14].
III. UPPER BOUND ON THE MAXIMUM
MASS OF COMPACT STARS IN THE
BRANEWORLD MODEL: THE CAUSAL LIMIT
A. The causal limit EOS
A complete knowledge of the equation of state of neu-
tron star matter is still a challenge at present. The
EOS can be reliably determined up to ∼ 2ρsat, be-
ing ρsat ≈ 151 MeV/fm3 the nuclear saturation den-
sity. However, for larger densities, the determination of a
well-founded EOS strongly depends on the knowledge of
strong interactions in a regime that cannot be reached ex-
perimentally. As a consequence, there is a large amount
of high-density EOSs in the literature that incorporate
several aspects that may play a crucial role at the inner
core of the star, such as three-body forces, bosonic con-
densates, hyperonic degrees of freedom and quark matter
[11, 12].
An important aspect of neutron stars within the frame
of General Relativity, is that there exists a maximum
gravitational mass above which there are no stable stel-
lar configurations. The maximum mass exists no matter
what the EOS, but its determination depends on a deep
comprehension of the EOS up to several times ρsat. How-
ever, using the so called causal limit EOS, it is possible
to circumvent the uncertainties related to the properties
of high-density matter and obtain upper bounds to the
maximum allowed mass of a neutron star [11, 12]. The
causal limit EOS can be constructed by using a detailed
EOS at density ranges where they can be safely regarded
as accurate and imposing generic constraints at densities
exceeding some fiducial density, e.g., subluminal sound
velocity and thermodynamic stability (see e.g. [11–13]).
In this work, we adopt the well established Baym,
Pethick, and Sutherland (BPS) EOS [14] at densities be-
low a fiducial density ρt, and a causal equation of state
(i.e. sound velocity = speed of light) p = ρ − a above
ρt [12, 13]. Since both EOSs are matched at an energy
density ρt and a pressure pt, the constant a in the high
density EOS is given by a = ρt−pt, where ρt and pt also
fulfill the BPS EOS (see Table I).
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FIG. 1. Mass-radius relationship in General Relativity (λ →
∞) for the causal limit EOS matched continuously with the
BPS EOS. Both EOSs are matched at different fiducial densi-
ties that lead to different values of a = ρf −pf . The dots over
the curves indicate the maximum masses, which fall along the
causal limit of Fig. 3.
B. The causal limit in General Relativity
Using the causal limit EOS, it is possible to obtain
a curve, know as causal limit, that represents an up-
per bound in the mass-radius diagram for compact stars.
The procedure to find the causal limit within the frame
of General Relativity has been explained in several text-
books (see e.g. [11, 12]). For completeness, we present it
here and in the next subsection we discuss it within the
braneworld model.
For a given value of a, the stellar structure equa-
tions can be integrated, and a maximum stellar mass
can be determined together with the corresponding stel-
lar radius. For example, using ρt = 260.1 MeV/fm
3 and
pt = 3.809 MeV/fm
3), the sequence has a maximum mass
object with:
Mmax = 3.131 M, R = 13.35 km. (19)
Repeating the calculations for many different values of a,
it can be shown that the maxima fall on a straight line
given by M = 0.345R (see Fig. 1).
Therefore, the region excluded by causality in the M−
R diagram is given by [11, 12, 15, 16]:
M & 0.345R, (20)
or, equivalently:(
M
M
)
& 0.234
(
R
km
)
. (21)
C. The causal limit in the braneworld model
In order to determine the causal limit in the
braneworld model, we integrate the stellar structure
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FIG. 2. (a) The mass-radius relationship obtained using the
causal limit EOS given in Sec. III A for some values of a (in
MeV/fm3) and two different values of λ. (b) Same as in (a)
but for a larger range of M and R.
equations on the brane using the causal limit equa-
tion of state presented in Sec. III A. For small masses
(. 1.5 − 2M), the curves show the typical behavior
found within the frame of General Relativity. Specifi-
cally, very small mass stars have very large radii, and
as the mass increases above a few tenths of solar masses
the radii fall within a range of few kilometers around
∼ 10 km. Nevertheless, for large mass objects, local
high-energy effects as well as nonlocal corrections lead to
significant deviations with respect to General Relativity.
At around 1.5 − 2M the M(R) curves bend anticlock-
wise as in the general relativistic case. However, instead
of reaching a maximum mass as in General Relativity,
the curves bend once more (clockwise) for larger masses
and thereafter they increase roughly linearly (see Fig. 2).
A striking feature of this behavior is that once the
M − R curves bend clockwise they may fall above the
causal limit obtained within General Relativity (c.f. Eqs.
(21) − (20)). It can also be checked that as the masses
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FIG. 3. The causal limit for General Relativity and the
Schwarzschild limit M = 2R. In the braneworld model, static
stellar configurations fulfilling a causal EOS (sound velocity
< speed of light) can occupy the region between both straight
lines.
and radii increase, the curves tend asymptotically to the
Schwarzschild limit M = 2R. The asymptotic approach
depends on the value of the brane tension λ: when λ is
small the curves go close to the line M = 2R at relatively
small masses; but, for large λ the approaching occurs at
higher masses.
Since the M − R curves for the causal EOS approach
asymptotically the line M = 2R, but do not go beyond it,
the Schwarzschild limit M = 2R is a good representation
of the causal limit in the braneworld model 1. In other
words, the equilibrium solutions found in the braneworld
can violate the limit of causality for General Relativity
(Eqs. (21) − (20)) and, for sufficiently large mass, can
occupy the region between the straight lines shown in
Fig. 3.
IV. MODELS FOR HADRONIC AND STRANGE
QUARK STARS
In this section, we investigate the properties of
hadronic and strange quark stars using typical models
for the equations of state. As mentioned in Sec. III A
there is a large amount of high density EOS that fulfill
present experimental and astrophysical constrains. How-
ever, our purpose is not making an exhaustive survey of
all the available EOSs, but rather to explore the qualita-
tive properties of hadronic and strange quark stars using
1 In a more general way, this is also discussed in [17]. They focus
on the field theoretical description of a generic theory of gravity
flowing to Einstein General Relativity in IR and prove that, if
ghost-free, in the weakly coupled regime such a theory can never
become weaker than General Relativity.
6two models that have been extensively employed in the
literature: a nonlinear relativistic mean-field model for
hadronic matter and the MIT bag model for quark mat-
ter. In Sec. IV A we briefly summarize the EOSs and
in Sec. IV B we study the structural properties of the
resulting compact objects.
A. Equations of state
For the hadronic phase we use a non-linear Walecka
model [19–21] including the whole baryon octet, electrons
and the corresponding antiparticles. The Lagrangian is
given by
L = LB + LM + LL, (22)
where the indices B, M and L refer to baryons, mesons
and leptons respectively. For the baryons we have
LB =
∑
B
ψ¯B
[
γµ (i∂µ − gωB ωµ − gρB ~τ · ~ρµ)
−(mB − gσB σ)
]
ψB , (23)
with B extending over nucleons n, p and the following
hyperons Λ, Σ+, Σ0, Σ−, Ξ−, and Ξ0. The contribution
of the mesons σ, ω and ρ is given by
LM = 1
2
(∂µσ ∂
µσ −m2σ σ2)−
b
3
mN (gσσ)
3 − c
4
(gσσ)
4
−1
4
ωµν ω
µν +
1
2
m2ω ωµ ω
µ
−1
4
~ρµν · ~ρ µν + 1
2
m2ρ ~ρµ · ~ρ µ, (24)
and the coupling constants are
gσB = xσB gσ, gωB = xωB gω, gρB = xρB gρ. (25)
Electrons are included as a free Fermi gas, LL =∑
l ψ¯l (i/∂ −ml)ψl, in chemical equilibrium with all other
particles.
The constants in the model are determined by the
properties of nuclear matter and hyperon potential
depths known from hypernuclear experiments. In the
present work we use the GM1 parametrization for which
we have (gσ/mσ)
2 = 11.79 fm−2, (gω/mω)2 = 7.149
fm−2, (gρ/mρ)2 = 4.411 fm−2, b = 0.002947 and c =
0.001070 [21]. For the hyperon coupling constants we
adopt xσi = xρi = 0.6 and xωi = 0.653 [21]. At low den-
sities we use the Baym, Pethick and Sutherland (BPS)
model [14]. For details on the explicit form of the equa-
tion of state derived from this Lagrangian the reader is
referred to Refs. [22, 23] and references therein.
We describe quark matter through the MIT bag model.
For simplicity we assume a zero strong coupling constant
and consider massless quarks. If such effects were taken
into account, the equation of state would be qualitatively
the same but we would find nonanalytic expressions. In
practice, only u, d, and s quarks appear in quark mat-
ter because other quark flavors have masses much larger
that the chemical potentials involved (roughly 300 MeV).
Since these quarks are assumed to be massless, leptons
are not necessary to electrically neutralize the phase, and
thus, they are not present in the system [24]. In such a
case, the equation of state adopts the simple form
ρ = 3p+ 4B, (26)
where B is the bag constant. Witten [18] conjectured
that, at zero pressure and temperature, three flavor quark
matter may have an energy per baryon smaller than or-
dinary nuclei. This would make strange quark matter
the true ground state of strongly interacting matter and
would lead to the existence of strange quark stars i.e.
stellar objects completely composed by strange quark
matter [25]. Within the MIT bag model for massless
quarks and zero strong coupling constant, the Witten
hypothesis is verified if the bag constant is in the range
57 MeV/fm3 . B . 94 MeV/fm3. In this paper we adopt
B = 60 MeV/fm3.
B. Structural properties of hadronic and strange
quark stars
In the following we present our results for hadronic and
strange quark stars using the equations of state presented
in the previous subsection.
In Fig. 4 we show the mass-radius relationship for
some values of the brane tension λ. At the top panel
we display the results for strange quark matter and at
the bottom panel for hadronic matter. We also include
the causal limit found before for General Relativity and
the Schwarzschild limit M = 2R.
For small masses (. 1.5− 2M), the curves show the
typical behavior found within the frame of General Rela-
tivity, i.e. very small mass hadronic stars have very large
radii, while strange stars follow roughly M(R) ∝ R3.
For large mass objects, braneworld effects lead to the
deviations with respect to General Relativity that were
explained in the case of the causal EOS of previous
section. At around 1.5 − 2M the M(R) curves for
hadronic and quark stars bend anticlockwise as in the
general relativistic case. But then, the curves bend once
more (clockwise) for larger masses and thereafter they
increase roughly linearly and approach asymptotically to
the Schwarzschild limit.
In summary, the main characteristics of the mass-
radius relationship already found for the causal EOS are
confirmed for both the hadronic and the strange quark
mater EOSs:
• The M(R) curves violate the general relativistic
causal limit for large enough masses; instead, they
can occupy the region between the general relativis-
tic causal limit and the Schwarzschild limit.
7
6
Set GM1 NL3
m  [MeV] 512 508.194
m! [MeV] 783 782.501
m⇢ [MeV] 770 763
g  8.91 10.217
g! 10.61 12.868
g⇢ 8.196 8.948
b 0.002947 0.002055
c  0.001070  0.002651
TABLE II. Coupling constants used for the parametrizations
GM1 and NL3 of the hadronic EoS.
ture calculations In this work we adopt the following
standard Lagrangian for matter composed by nucleons
and electrons,
LH =
X
B
 ¯B [ µ(i@
µ   g!B!µ   1
2
g⇢B~⌧ .~⇢
µ)
  (mB   g B )] B + 1
2
(@µ @
µ   m2  2) 
1
3
bmn(g  )
3
 1
4
c(g  )
4   1
4
!µ⌫!
µ⌫ +
1
2
m2!!µ!
µ   1
4
~⇢µ⌫ .~⇢
µ⌫
+
1
2
m2⇢~⇢µ.~⇢
µ +
X
L
 ¯L[i µ@
µ  mL] L. (22)
Leptons L are treated as non-interacting and baryons B
are coupled to the scalar meson  , the isoscalar-vector
meson !µ and the isovector-vector meson ⇢µ. The ex-
plicit form of the EOS obtained from the above La-
grangian can be found in e.g. Ref. [17] and references
therein. The five constants in the model are fitted to the
bulk properties of nuclear matter [18]. In this work we
use the parametrizations GM1 [18] and NL3 [19] whose
coupling constants are shown in Table II. At low den-
sities we use the Baym, Pethick and Sutherland (BPS)
model [3].
B. Structural properties of hadronic and strange
stars
In the following we present our results for hadronic and
strange stars using the equations of state presented in the
previous subsection.
In Fig. 4 we show the mass-radius relation for some
values of the brane tension  . At the top panel we show
the results for strange quark matter and at the bottom
panel for hadronic matter. We also include the causal
limit found before for General Relativity and for the
braneworld model. For small masses (. 1.5   2M ),
the curves show the typical behavior found within the
frame of General Relativity. Specifically, very small mass
hadronic stars have very large radii, while strange stars
follow roughly M / R3. For large mass objects, local
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FIG. 4. Mass-radius relationship for several values of the
brane tension   (expressed in MeV/fm3). The curves of the
top and bottom panels correspond to strange quark stars and
hadronic stars, respectively. We also show the general rela-
tivistic and braneworld model causal limits.
high-energy e↵ects as well as nonlocal corrections lead
to significant deviations with respect to General Relativ-
ity. At around 1.5   2M  the M(R) curves bend an-
ticlockwise as in the general relativistic case. However,
instead of reaching a maximum value as in general rela-
tivity, the curves bend once more (clockwise) for larger
masses and thereafter they increase roughly linearly. In
some cases there is a local maximum in theM(R) curves.
Another important feature of the M(R) curves is that
they violate the general relativistic causal limit for large
enough masses; instead, they approach asymptotically to
the branewold causal limit found in a previous section.
Fig. 5 shows the dependence of the mass, normalized
to the Sun’s mass M , with the central energy density
⇢c for some values of the brane tension  . Notice that in
the braneworld model the mass of static and spherically
symmetric stars can be larger than in general relativity
(  ! 1) due to local and nonlocal extra-dimensional
modifications to the structure equations on the brane.
As expected, these corrections are small for low central
energy densities but they become significant with increas-
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Set GM1 NL3
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m⇢ [MeV] 770 763
  8.91 0.217
! 10.61 12.86
g⇢ 8.196 8.948
b 0.0 294 0.0 205
c  0.001070  0.002651
TABLE II. Coupling constants used for the parametrizations
GM1 and NL3 of the hadronic EoS.
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Leptons L are treated as non-interacting and baryons B
are coupled to the scalar meson  , the isoscalar-vector
meson !µ and the isovector-vector meson ⇢µ. The ex-
plicit form of the EOS obtained from the above La-
grangian can be found in e.g. Ref. [17] and references
therein. The five constants in the model are fitted to the
bulk properties of nuclear matter [18]. In this work we
use the parametrizations GM1 [18] and NL3 [19] whose
coupling constants are shown in Table II. At low den-
sities we use the Baym, Pethick and Sutherland (BPS)
model [3].
B. Structural properties of hadronic and strange
stars
In the following we present our results for hadronic and
strange stars using the equations of state presented in the
previous subsection.
In Fig. 4 we show the mass-radius relation for some
values of the brane tension  . At the top panel we show
the results for strange quark matter and at the bottom
panel for hadronic matter. We also include the causal
limit found before for General Relativity and for the
braneworld model. For small masses (. 1.5   2M ),
the curves show the typical behavior found within the
frame of General Relativity. Specifically, very small mass
hadronic stars have very large radii, while strange stars
follow roughly M / R3. For large mass objects, local
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FIG. 4. Mass-radius relationship for several values of the
brane tension   (expressed in MeV/fm3). The curves of the
top and bottom panels correspond to strange quark stars and
hadronic stars, respectively. We also show the general rela-
tivistic and braneworld model causal limits.
high-energy e↵ects as well as nonlocal corrections lead
to significant deviations with respect to General Relativ-
ity. At around 1.5   2M  the M(R) curves bend an-
ticlockwise as in the general relativistic case. However,
instead of reaching a maximu value as in general rela-
tivity, the curves bend once more (clockwise) for larger
masses and thereafter they increase roughly linearly. In
some cases there is a local maximum in theM(R) curves.
Another important feature of the M(R) curves is that
they violate the general relativistic causal limit for large
enough masses; instead, they approach asymptotically to
the branewold causal limit found in a previous section.
Fig. 5 shows the dependence of the mass, normalized
to the Sun’s mass M , with the central energy density
⇢c for some values of the brane tension  . Notice that in
the braneworld model the mass of static and spherically
symmetric stars can be larger than in general relativity
(  ! 1) due to local and nonlocal extra-dimensional
modifications to the structure equations on the brane.
As expected, these corrections are small for low central
energy densities but they become significant with increas-
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FIG. 4. Mass-radius relationship for (a) strange quark s ars
and (b) hadr nic star , using several values of the br ne ten-
sion λ. These values of λ lead to M5 = (
4
3
piλM2p )
1/6 ∼
2000 TeV; i.e. larger than 10 TeV, in co patibility with LHC.
We also show the general relativistic and braneworld model
causal limits.
• S atic stellar configurations do not have a m xi-
mum mass as in the general relativistic case, i.e.
objects of any mass are possible in principle.
Notice that, differen ly from the ca sal EOS, we find
n w th t in some c ses there s a local maximum in the
M(R) curves at M ∼ 2M. Nev rtheless, after bending
clockw se, the behavior of ll the M(R) curves is quali-
tatively the ame.
Fig. 5 sh ws the dependence of the mass with the cen-
tral energy density ρc for some values of the brane tension
λ. For a given value of ρc, the mass of a star is larger
in the braneworld model than in General Relativity due
to local and nonlocal extra-dimensional modifications to
the structure equations on the brane. As expected, these
corrections are small for low central energy densities but
they become significant with increasing central energy
density, specially for the smaller values of the brane ten-
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FIG. 4. Mass-radius relationship for several values of the
brane tension   (expressed in MeV/fm3). The curves of the
top and bottom panels correspond to strange quark stars and
hadronic stars, respectively. We also s ow the general rela-
tivis ic and braneworld mo el causal limits.
to the Sun’s mass M , with the central energy density
⇢c for some values of the brane tension  . Notice that in
the bran world model the mass of static and pherically
symmetric stars can be larg r than in general relativity
(  ! 1) due to local and nonlocal extra-dimensional
modifications to the structure equations on the brane.
As expected, these corrections are small for low central
energy densities but they become significant with increas-
ing central energy density, specially for the smaller val-
ues of the brane tension  . A remarkable feature of the
M(⇢c) curves is that there is a value of ⇢c for which the
stellar mass diverges. This means that for large enough
masses the nonlocal energy density U  supports the star
against gravitational collapse. The maximum value of ⇢c
increases with the brane tension   as can be seen in Fig.
5. In par icular, as w approach to the general r lativistic
ca e ( !1) the maximum density is shifted to infinity.
In Fig. 6 we show the fluid pressu e as a function
f the radial coordinate for a central energy density
⇢c = 2500MeV/fm
3 and five values of the br ne tension
 . The curves for stra ge qu rk stars (top panel) and
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FIG. 5. Mass of strange stars (top panel) and hadronic stars
(bottom panel) versus the central energy density ⇢c for di↵er-
ent values of brane tension   (in MeV/fm3).
hadronic stars (bottom panel) are very similar. The pres-
sure decreases monotonically with r, reaching its mini-
mum value (p = 0) at the stellar surface r = R. The
total radius R of the star is larger for lower brane ten-
sions.
In Fig. 6 we show the nonlocal energy density U (r)
versus the radial coordinate r for strange quark stars (top
panel) and hadronic stars (bottom panel) for a central
energy density ⇢c = 2500MeV/fm
3 and some values of
 . All curves have A similar behavior; the nonlocal en-
ergy density starts at a large negative value and grows
monotonically towards the surface of the star. The more
negative values of nonlocal energy densities are found in
lower values of  . The negative value of the Weyl energy
density means that U  acts as an e↵ective pressure help-
ing against the collapse [8, 20], i.e. a star with a more
negative nonlocal energy density admits more mass.
C. Stellar stability
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brane tension   (expressed in MeV/fm3). The curves of the
op and bottom panels correspond to st uark stars and
hadronic stars, respectively. We so how the ge ral rela-
tivi ic and braneworld mo el causal limits.
to the Sun’s m s M , with the central energy density
⇢c for some v lues of the bra e ension  . Notice hat in
the braneworld model the mass of static and spherically
sy metric stars ca be larger than in g neral r lativity
(  ! 1) due to local and nonlocal extra-dimensional
modifications to the structure equations on the brane.
As expected, these corrections are small for low central
energy densities but they beco e significant with increas-
ing central energy density, specially for the smaller val-
ues of the brane tension  . A remarkable feature of the
M(⇢c) curves is that there is a value of ⇢c for which the
stellar mass diverges. This means that for large enough
masses the nonlocal energy density U  supports the star
against gravitational collapse. The maximum value of ⇢c
increases with the brane tension   as can be seen in Fig.
5. In particular, as we approach to the general rel tivistic
case ( !1) the maximum density is shifted to infinity.
I Fig. 6 we show the flu d pressure as a function
of the radi l coordinat for a central nergy d nsity
⇢c = 2500MeV/fm
3 and five values of the bran tension
 . The curves for strange quark stars (top panel) and
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FIG. 5. Mass of strange stars (top panel) and hadronic stars
(bottom panel) versus the central energy density ⇢c for di↵er-
ent values of brane tension   (in MeV/fm3).
hadronic stars (bottom pan l) are very similar. The pres-
sure decreases monotonically with r, reaching its mini-
mum value (p = 0) at the stellar surface r = R. The
total radius R of the star is larger for lower brane ten-
sions.
In Fig. 6 we show the nonlocal energy density U (r)
versus the radial coordinate r for strange quark stars (top
panel) and hadronic stars (bottom panel) for a central
energy density ⇢c = 2500MeV/fm
3 and some values of
 . All curves have A similar behavior; the nonlocal en-
ergy density starts at a large negative value and grows
monotonically towards the surface of the star. The more
negative values of nonlocal energy densities are found in
lower values of  . The negative value of the Weyl energy
density means that U  acts as an e↵ective pressure help-
ing against the collapse [8, 20], i.e. a star with a more
negative nonlocal energy density admits more mass.
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FIG. 5. Mass of (a) strange stars and (b) hadronic stars
versus the central energy density ρc for different values of
brane tension λ. The labels of the curves are the same as
given in Fig. 4.
sion λ. A remarkable feature of the M(ρc) curves is that
there is a value of ρc for which the stellar mass diverges.
This means that for large e ugh masses the onlocal en-
ergy density U− supports the star gainst gravitational
collapse. The maximum value of ρc i creases with the
brane tension λ as can be seen in Fig. 5. In particular,
as we approach to the general relativistic case (λ → ∞)
the maximum density is shifted to infinity.
In Fig. 6 we how the nonlocal energy density U− as
a function of the radial coordinate r f r a central energy
density ρc = 2500 MeV/fm
3 nd five values of th brane
tension λ. For both, strange quark stars and hadronic
stars, the nonlocal energy density starts at a large neg-
ative value at the center of the star and grows mono-
tonically towards the stellar surface. The more nega-
tive values of U− are found for the lower values of λ. A
star with a more negative nonlocal energy density ad-
mits more mass, because U− acts as an effective negative
pressure helping against the collapse.
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FIG. 6. Nonlocal energy density as a function of the radial
coordinate for strange quark stars and hadronic stars. In all
cases the central energy density is ρc = 2500 MeV/fm
3.
V. STELLAR STABILITY
In the previous sections we found that in braneworld
models there is a new branch of stellar configurations
that is not present within General Relativity. Since only
stellar configurations in stable equilibrium are acceptable
from the astrophysical point of view, we should check the
stability of the previously obtained stellar models. A well
known static criterion that is widely used in the literature
states that a necessary condition for a model to be stable
is that its mass M increases with growing central density,
i.e.
dM
dρc
> 0. (27)
The latter is a necessary but not sufficient condition. The
opposite inequality dM/dρc < 0 always implies instabil-
ity of stellar models; i.e configurations lying on the seg-
ments with dM/dρc < 0 are always unstable with respect
to small perturbations.
In Figs. 4 and 5 there are two qualitatively different
types of M(R) and M(ρc) curves. One type presents
one local maximum and one local minimum in both the
M(R) and the M(ρc) curves. The other one has no crit-
ical points. These two types are represented separately
in Fig. 7, where we show the M(R) and M(ρc) curves
for strange quark stars for two different values of λ (for
simplicity we do not show hadronic stars because the sta-
bility analysis is completely equivalent, as we shall see
below). For λ = (551 MeV)4 (upper panels) the stel-
lar mass is always an increasing function of the central
density ρc and the M(R) curve has no local maxima or
minima. Thus, the above necessary stability condition is
always verified in this case. For λ = (724 MeV)4 (lower
panels) the part of the M(ρc) curve between the points
M1 and M2 verifies dM/dρc < 0, i.e. those configu-
rations are unstable. M1 indicates the local maximum
and M2 indicates the local minimum of the mass in both
plots. The necessary stability condition is verified for
the branch to the left of M1 and to the right of M2 in
the M(ρc) curve and in the corresponding branches of
the M(R) curve. Therefore, the branches that approach
asymptotically to the Schwarzschild limit verify the nec-
essary condition dM/dρc > 0 for any λ, but, as stated
before, this is not a sufficient condition for stability.
A more detailed study of the stability of non-rotating
spherically symmetric equilibrium models against small
perturbations should be carried out through the analysis
of their radial oscillations. However, this is left for future
work because it is necessary to derive and solve the pul-
sation equations on the brane. Instead, we employ here
a sufficient criterion which enables one to determine the
precise number of unstable normal radial modes using
the M(R) curve [11, 26]. According to such criterion, at
each critical point of the M(R) curve (local maxima or
minima) one and only one normal radial mode changes
its stability, from stable to unstable or vice versa. There
are no changes of stability associated with radial pulsa-
tions at other points of the M(R) curves. Moreover, one
mode becomes unstable (stable) if and only if the M(R)
curve bends counterclockwise (clockwise) at the critical
point.
In order to analyze the stellar stability using the above
criterion, we assume that the low mass branch (up to
. 1.5− 2M) of the M(R) curves is stable for all radial
modes, as it is in the general relativistic case. For the
curves with two critical points, the M(R) curve bends
counterclockwise at the local maximum and the funda-
mental oscillation mode becomes unstable. However, at
the local minimum the fundamental mode becomes stable
again because the curve bends clockwise there. Beyond
the local minimum there are no more critical points and
all the radial modes remain stable. In the case without
critical points, the whole sequence remains stable for all
radial modes provided that the low mass configurations
are stable. Thus, we can conclude that the branches that
approach asymptotically to the Schwarzschild limit are
always stable under small radial perturbations. As a con-
sequence, stellar configurations of arbitrarily large mass
are allowed within braneworld models.
VI. SUMMARY AND CONCLUSIONS
In this work we have studied the structure of compact
stars in a Randall-Sundrum type II braneword model.
To this end, we employed the braneworld generalization
of the stellar structure equations for a static fluid distri-
bution with spherical symmetry. We considered that the
spacetime outside the star is described by a Schwarzschild
metric, i.e. the nonlocal pressure and energy density van-
ish outside the star, and assumed that the nonlocal pres-
sure is zero in the stellar interior. As a consequence, the
interior must have nonvanishing nonlocal Weyl stresses
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FIG. 7. Stability analysis of stellar configurations in braneworld models; for simplicity we present only the curves for strange
quark stars. Figures (a) and (b) correspond to a value of the brane tension, λ = (551 MeV)4, that results in no critical points.
Figures (c) and (d) correspond to a different value of the brane tension, λ = (724 MeV)4, that results in a local maximum and
a local minimum in both the M(R) and M(ρc) curves. For the analysis of the stellar stability based on these figures, see the
text.
(U− 6= 0).
In order to obtain an upper bound to the maximum
mass of compact stars in the braneworld model, we in-
tegrated the stellar structure equations employing the
causal limit EOS, which is obtained adopting the well
established Baym, Pethick, and Sutherland EOS at den-
sities below a fiducial density, and an EOS with the sound
velocity equal to the speed of light above it. Assuming
the causal limit EOS, it can be shown that the region
above the causality limit depicted in Fig. 3 is forbidden
within General Relativity. However, the equilibrium so-
lutions found in the braneworld model can violate the
limit of causality for General Relativity and, for suffi-
ciently large mass they approach asymptotically to the
Schwarzschild limit M = 2R. Hence, there is a region in
the M − R plane that is forbidden in General Relativ-
ity for causal equations of state but that can be accessed
within braneworld models; i.e. the region between the
straight lines shown in Fig. 3.
Then, we investigated the properties of hadronic and
strange quark stars using two typical EOSs that have
been extensively employed in the literature: a nonlin-
ear relativistic mean-field model for hadronic matter and
the MIT bag model for quark matter. The main charac-
teristics of the mass-radius relationship found using the
causal limit EOS are confirmed for both hadronic and
strange quark stars. For small masses (. 1.5−2M), the
curves show the typical behavior found within the frame
of General Relativity, i.e. very small mass hadronic stars
have very large radii, while strange stars follow roughly
M(R) ∝ R3. Moreover, the M(R) curves for hadronic
and quark stars bend anticlockwise at around 1.5− 2M
as in the general relativistic case. However, the curves
bend once more (clockwise) for larger masses and there-
after they increase roughly linearly and approach asymp-
totically to the Schwarzschild limit. Again, two remark-
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able features are that theM(R) curves violate the general
relativistic causal limit, and that static stellar configura-
tions do not have a maximum mass as in the general
relativistic case, i.e. objects of any mass are possible in
principle (see Fig. 4). These large mass stars are sup-
ported against collapse by the nonlocal effects of the bulk
on the brane.
Finally, we studied the stability under small perturba-
tions of the stellar configurations in the braneworld. We
used a static criterion which enables one to determine
the precise number of unstable normal radial oscillation
modes analyzing the bending of the mass-radius curves
at the critical points (see Fig. 7). We assumed that the
low mass branch (up to . 1.5−2M) of the M(R) curves
is stable for all radial modes, as it is in the general rela-
tivistic case. For the models without critical points, there
are no changes of stability associated with radial oscilla-
tion modes, and therefore all configurations are stable.
For the models with two critical points, the M(R) curve
bends counterclockwise at the local maximum and the
fundamental oscillation mode becomes unstable there.
However, the fundamental mode regains stability at the
local minimum because the curve bends clockwise there.
Beyond that minimum there are no more critical points
and all the radial modes remain stable.
In summary, within braneworld models we obtain the
low mass branch of compact star configurations already
known from general relativistic calculations, but we also
find a new branch that approaches asymptotically to the
Schwarzschild limit which is always stable under small ra-
dial perturbations. This new branch contains stellar con-
figurations of arbitrarily large mass, supported against
collapse by the nonlocal effects of the bulk on the brane.
It is worth emphasizing that black holes are still pos-
sible within the here studied braneworld models. More-
over, the stellar configurations that asymptotically ap-
proach to the Schwarzschild limit are expected to be sta-
ble under small perturbations, but not necessarily un-
der large ones. Therefore, a very large mass braneworld
compact star could collapse into a black hole if strongly
perturbed in a catastrophic astrophysical event, e.g. in
a binary stellar merging.
Finally, we remark that although a complete 5D analy-
sis would be necessary to fully understand the properties
of the new branch, these results serve as a proof of prin-
ciple that traces of extra-dimensions might be found in
astrophysics, specifically through the analysis of masses
and radii of compact objects.
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Appendix A: Analytic solution for the nonlocal
energy density U− for a linear equation of state
For an arbitrary equation of state, the nonlocal energy
density inside the star U−(r) must be obtained through
the numerical integration of Eq. (17) together with Eqs.
(15) and (16). However, as we show below, an analytic
solution for U−(r) can be obtained in the case of a linear
EOS. First, we rewrite Eq. (17) in the form
dU−(r)
dr
+ U−(r)g(r) = f(r), (A1)
where
g(r) = − 4
p(r) + ρ(r)
dp(r)
dr
, (A2)
f(r) = −2(4piG)2(ρ(r) + p(r))dρ(r)
dr
. (A3)
Multiplying by the integrating factor e
∫
g(r)dr we have
d
dr
(
U−(r)e
∫
g(r)dr
)
= f(r)e
∫
g(r)dr, (A4)
which gives:
U−(r) = e−
∫
g(r)dr
[∫
f(r)e
∫
g(r)drdr + C1
]
, (A5)
where C1 is an integration constant.
Now, we consider a linear EOS of the form ρ = p/c2s+b,
where c2s and b are constants (cs is the speed of sound).
Notice that this EOS includes as special cases the causal
EOS ρ = p, the ultra-relativistic EOS ρ = 3p, and the
MIT bag model EOS for massless quarks ρ = 3p + 4B.
For such EOS, Eq. (A5) reads
U−(r) = [(1 + c2s)p(r) + bc2s] 4c2s(1+c2s) [−2(4piG)2c4s ×∫ [
(1 + c2s)p(r) + bc
2
s
] 1−3 c2s
1+c2s dp+ C1
]
, (A6)
with k1 being an integration constant that comes from
the integral
∫
g(r)dr. Integrating Eq. (A6) we find
U−(r) =

[2p(r) + b]2
[−(4piG)2 ln(2p(r) + b)
+k2] , cs = 1;[
(1 + c2s)p(r) + bc
2
s
] 4 c2s
(1+c2s)
[
− (4piG)
2
(1− c2s)
×
[
(1 + c2s)p(r) + bc
2
s
] 2(1−c2s)
(1+c2s) + k2
]
, cs < 1;
(A7)
where k2 = C2 + k1 C1, being C2 another integration
constant.
To determine k2 we use the boundary condition:
(4piG)2ρ2(R) + U−(R) = 0. (A8)
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The value U−(R) is obtained evaluating Eq. (A7) at the
surface of the star, and from the EOS we obtain ρ(R) = b
because p(R) = 0. Therefore, Eq. (A8) reads:
k2 =

(4piG)2 [ln(b)− 1] , cs = 1;
(4piG)2b
(bc2s)
(1−3c2s)
(1+c2s)
(1− c2s)
, cs < 1.
(A9)
Replacing k2 from Eq. (A9) into Eq. (A7) we find
U−(r) =

− (4piG)2[2p(r) + b]2 [ln(2p(r) + b)
− ln(b) + 1] , cs = 1;
− (4picsG)
2
(1− c2s)
[
1
c2s
[
(1 + c2s)
c2s
p(r) + b
]2
−b
2(1−c2s)
(1+c2s)
[
(1 + c2s)
c2s
p(r) + b
] 4c2s
(1+c2s)
 , cs < 1;
(A10)
which gives U−(r) as a function of p(r), where p(r) is to
be obtained from the integration of Eqs. (15) and (16).
An equivalent expression of U−(r) as a function of ρ(r)
can be obtained using the EOS:
U−(r) =

− (4piG)2[2ρ(r)− b]2 [ln(2ρ(r)− b)
− ln(b) + 1] , cs = 1;
− (4picsG)
2
(1− c2s)
[
c2s
[
(1 + c2s)
c2s
ρ(r)− b
]2
−b
2(1−c2s)
(1+c2s)
[
(1 + c2s)ρ(r)− bc2s
] 4c2s
(1+c2s)
]
, cs < 1.
(A11)
In particular, we can evaluate the latter expression at
the center of the star in order to obtain a relationship
between the central nonlocal energy density U−c ≡ U−(0)
and the central mass-energy density ρc ≡ ρ(0)
U−c =

− (4piG)2[2ρc − b]2 [ln(2ρc − b)
− ln(b) + 1] , cs = 1;
− (4picsG)
2
(1− c2s)
[
c2s
[
(1 + c2s)
c2s
ρc − b
]2
−b
2(1−c2s)
(1+c2s)
[
(1 + c2s)ρc − bc2s
] 4c2s
(1+c2s)
]
, cs < 1.
(A12)
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